Section 4 — 5: The Rational Zeros of a Polynomial

The standard form for a general polynomial of degree n is written

where the highest degree term is a,x" and the lowest degree term is a,,

n
a,x" =0

Examples of a polynomial in standard form

f(x) = 2xt 1 xP o177 46

f(x) = 4x° —x*+2x-7 fx) = 3x8 ¢t —4x? -4

Finding all the Possiable Rational Zeros of a Polynomial

The list of all possible zeros of f (x) =

Example 1

The list of all possiable factors of
fx) =x"+x°-17x-8

. all the factors of 8
" all the factors of 1

I+
>—t|[\.)
+
>—a|.l;
+

|00

I+
—_
—

reduce the fractions
and list in order
1,2, x4, =8
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. all the factors of a,

~ all the factors of a,

Example 2

The list of all possiable factors of
f(x) =5xt+x7 17 +4

. all the factors of 4
" all the factors of 5

Lo,z 4 1,2 4

1771771775 75775

reduce the fractions

and list in order

il 22 24 2b 22 22
5 5 5
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Example 3

The list of all possiable factors of
f(x) =4x° +x*+x3-17x-4

. all the factors of 4
" all the factors of 4

+1 +1 +1 +2 +2 +2 +4 +4 +4

1027471 2747172 74

reduce the fractions

_1,_1,11,12,11,11,14,12,11
2 2 2

eliminate the repeats and list the integers first

], £2 x4, =

| =

eliminate
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Example 4

The list of all possiable factors of
f(x) =2x*+x3-17x> +6

. all the factors of 6
" all the factors of 2

I+
>—A|[\)
I+
l\)|l\)
I+
>—A|u.)
I+
>—‘|O\
I+
\S} e

+
YR

+1 +
_1 , *

| =

reduce the fractions
=], = l ,
2

12,11,13,13 , 26 ,+3
2
eliminate the repeats and list the integers first

x

| w

b

Nl e

1, =2 £3,x6, =
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Finding all the Rational Roots for a Polynomial

Example 1

Find all the rational roots of
f(x) =+t —x-2
possiable roots

N all the factors of 2
" all the factors of 1

I+

>—~|[\)
I+

N —
I+
M| B

I+
—_

reduce the fractions and list in order
1
2

], £2 , =

test 1 as a root test —1 as a root

111 2 -1 2
11 2 -1 2 -
- y -1 -1 =2
y 1 3 2
11 -2 (0
1 3 2 (4) ( )
0 is a root

1 is not a root

2 .
and X~ + x —2 remains

2
X" +x-=-2

factors into
(x+2)(x-1)
SO X2 + x -2 has

roots of —2 and 1

The three rational roots of f(x) = x> +2x*—x-2 are -1,1,and 2

and the factors of f(x) = x° +2x> —x -2are (x+1) (x-1) (x-2)
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Example 2

Find all the rational roots of
f(x) =+t —x-2
possiable roots

N all the factors of 2
" all the factors of 1

I+

>—~|[\)
I+

I+
—_]
M| —

I+
SN

reduce the fractions and list in order
1

], £2 ,x_
2
Step 1 Step 2
test 1 as a root test —1 as a root
111 2 -1 2
11t 2 -1 2 —
- )y -1 -1 =2
y 1 3 2
11 =2 (0
1 3 2 (4) ()

. 0 is a root and
1 is not a root

2 )
X~ + x -2 remains

The three rational roots of f(x) = X +2x*—x-2 are -1,1,and 2

and the factors of f(x)=x3+2x2—x—2 are (x+1)(x—-1)(x—- 2)
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Step 3

2
X +x=-2

factors into
(x+2)(x-1)
SO x2 + x -2 has

roots of —2 and 1
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Example 3

Find all the rational roots of
fx) =x*=2x3 =7x% +8x+12
possiable roots

_ . all the factors of 12
~ 7 all the factors of 1

12
1

I+
>—A|UJ
I+
»—Al.h

I+

»—AlO\

=+

+1 +
_1,_ H

>—~|[\)

reduce the fractions and list in order
+], 2 ,+3 4 6

Step 1
test 1 as a root

1 -2 -7 8 12
y 1 -1 -8 0
1 -1 -8 0 d2)

1 is not a root

Step 3
test 2 as a root

211 -3 -4 12

I 2 -2 -12
1 -1 -6 (0)

2 is aroot and

2 )
x“ —x -6 remains

Step 2

test —1 as a root

=111 -2 -7 8 12
| 3 4 -12
1 -3 -4 12 (0)
—-11is aroot

and 1 -3 -4 12remains

Step 4

X2 —x-6
factors into
(x+2)(x-3)

50 x> —x — 6 has

rootsof 3 and -2

Step 2A

WE NOwW use

11 -3 -4 12
|
1

to test for the remaining roots

The four rational roots of f(x) = x* -2x° -7x* +8x+12 are —-1,2,-2 and 3
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Example 3

Find all the rational roots of
Fx) =4x* +4x° =337 —2x +1
possiable roots

. all the factors of 1
" all the factors of 4

I+

Sl e

I+

I+
>—‘|>—\
I

reduce the fractions and list in order

o, el oL
2 4
Step 1 Step 2 Step 2A
test 1 as a root test —1 as a root
114 12 13 6 1 -114 12 13 6 1 we now use
! 4 16 29 35 | -4 -8 -5 -1 _ 14 8 5 1
4 16 29 35 (36) 4 8 5 1 0 |
4
1 is not a root —1is aroot to test for the remaining roots

and 4 8 5 1 remains

Step 3 Step 4 Step 4
test 1 4 as aroot test —1 4 as aroot
1214 8 5 1 “121 4 8 5 1 432 4 6542
2 5 5 y -2 -3 -1 factors into
4 10 10 (6) 4 6 2 0 22x +1)(x +1)
50 4x° +6x +2 has
1/2 is not a root -1/2 is aroot and roots of -1/2 and -1

4x% + 6x +2 remains
The four rational roots of f(x) = 4x* +12x° +13x° +6x+1 are -1,-1,-1/2 and -1/2

Note: If you had retested —1 in step 3 you you have found it was a root twice and had 4x* +4x+1
left which factors into (2x + 1) (2x + 1) and not needed to test 1/2 or — 1/2
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